Abstract. We apply wavelets to identify the Triebel type oscillation spaces with the known Triebel-Lizorkin-Morrey spacesḞ
Introduction
We state briefly the history of Triebel-Lizorkin spaces and their Morrey type generalization. Triebel-Lizorkin spacesḞ s p,q (R n ) were first introduced by H. Triebel and can be seen as generalizations of many standard function spaces such as Lebesgue spaces L p and Sobolev spaces. In the research of harmonic analysis and partial differential equations, Triebel-Lizorkin spaces play an important role. In recent decades,Ḟ s p,q (R n ) have attracted great attention of many mathematicians, and a lot of work has been done. We refer the readers to Triebel [26, 27] (R n ) = Q α (R n ), where Q α (R n ) are the spaces introduced by Essén-Janson-Peng-Xiao [9] . For more information, we refer to Yuan-Sickel-Yang [34] .
Our aim is to study a class of mean oscillation spaces with TriebelLizorkin norm by wavelets and semigroup. In this paper, the Triebel type oscillation spacesḞ 
where the supremum is taken over all cubes Q and S γ 1 ,γ 2 p,q, f denotes the set of all polynomials satisfying certain conditions. Details can be found in Definition 2.2. In Theorem 2.3, we give a wavelet characterization of these spaces. As a consequence,Ḟ γ 1 ,γ 2 p,q (R n ) coincide withḞ s,τ p,q (R n ) introduced by Yang-Yuan [32] . Theorem 2.3 implies that Calderón -Zygmund operators are bounded onḞ γ 1 ,γ 2 p,q (R n ). Moreover, our wavelet characterization is independent of the choice of wavelet bases. See Corollary 2.5 and Theorem 2.9, respectively.
It is well-known that for any f ∈ BMO(R n ), the Poisson integral P t ( f ) gives a harmonic extension of f to the tent space on R n+1 + . This result gives a relation between function spaces on R n and the ones on R n+1 + . The wellposedness of fluid equations needs often such characterizations of function spaces. In 2001, Koch-Tataru [11] obtained a semigroup characterizations of BMO(R n ). In 2007, by Hausdorff capacity, Xiao [30] gave a semigroup characterization of Q α (R n ). Li-Zhai [14] further developed the idea of [11, 30] and obtained a semigroup characterization of Q β α (R n ). We refer the readers to Cannone [5, 6] , Li-Xiao-Yang [13] , Lin-Yang [17] and MiaoYuan-Zhang [20] for further information.
In Section 3, we introduce tent type spaces F Actually, Theorem 4.1 is not a simple generalization of the results in [11, 14, 30] . In the above mentioned spaces, BMO, Q α and Q β α are all F γ 1 ,γ 2 p,q (R n ) spaces with p = q = 2. For the cases p q with p, q 2, the Fourier transform is not valid. To overcome this difficulty, we apply a new method. Let {Φ ε j,k (x)} (ε, j,k)∈Λ n be a wavelet basis. Let Q be any cube and
Based on the relation between j and the radius of Q, we decompose the function F(x, t) =: e t(−∆) β f (x) into several parts such that every part belongs to some X i . Such decomposition reflects the local structures of the space and the frequency very well. A semigroup characterization ofḞ
Our characterization has a distinct advantage when we apply it to the well-posedness of fluid equations. Roughly speaking, for
• the norms F X 1 and F X 2 denote the L ∞ -parts of F(x, t), • the norms F X 3 and F X 4 denote the L p −parts of F(x, t).
Furthermore, the index m represents the regularities for the variable x. Compared with the results in [11, 14, 30] , if m becomes bigger, the elements in F p,q,m,m ′ . We will also use such characterization to study the wellposedness of Navier-Stokes equations in another paper.
The rest of this paper is organized as follows. In Section 2, we present some preliminary knowledge, notations and terminology. Then we give a wavelet characterization ofḞ
p,q (R n ) and prove Calderón-Zygmund operators are bounded onḞ
In Section 3, we introduce Triebel type tent spaces. In the last section, we establish first a relation betweenḞ In this paper, the symbols Z and N denote the sets of all integers and natural numbers, respectively. For n ∈ N, R n is the n−dimensional Euclidean space, with Euclidean norm denoted by |x| and Lebesgue measure denoted by dx. R n+1 + is the upper half-space (t, x) ∈ R n+1 + : t > 0, x ∈ R n with Lebesgue measure dtdx. B(x, r) denotes the ball in R n with center x, radius r and volume |B|. Denote by Q a cube in R n with sides parallel to the coordinate axes. The volume and side length of Q are denoted by |Q| and l(Q), respectively.
For convenience, the positive constants C may change and usually depend on the dimension n, α, β and other parameters. The Schwartz class of rapidly decreasing functions and its dual will be denoted by S (R n ) and S ′ (R n ), respectively. For a function f ∈ S (R n ), f means the Fourier transform of f.
Wavelets.
In this paper, we use real valued tensor product orthogonal wavelets Φ ǫ (x) which will be Daubechies wavelets or classical Meyer wavelets. Daubechies wavelets are only used in Section 2.2 and Meyer wavelets will be used throughout this paper. If Φ ǫ (x) is a Daubechies wavelet, we assume that there exists a sufficiently big integer m 0 which is greater than some constant depending on the index of the relative Triebel type oscillation spaces such that
ǫ (x) has the vanishing moments up to the order m 0 − 1. We state some preliminaries on classic Meyer wavelets. Let
]) is an even function satisfying:
;
Let
In this paper, we denote
For further information about wavelets, we refer the reader to Meyer [18] , Wojtaszczyk [28] and Yang [33] . The following result is well-known.
For function f (x), ∀ǫ ∈ {0, 1} n and k ∈ Z n , denote by f
By Lemma 2.1, we can see that P j and Q j are two projection operators on L 2 (R n ). In fact, for any two functions u and v, we have
2.2. Characterization via Daubechies wavelets. Now we introduce a class of Triebel type oscillation spaces. Let ϕ(x) ∈ C ∞ 0 (B(0, n)) be such that ϕ(x) = 1 for x ∈ B(0, √ n). Let Q(x 0 , r) be a cube with sides parallel to the coordinate axis, centered at x 0 and with side length r. To simplify the notation, sometimes, we denote Q = Q(r) = Q(x 0 , r) and let ϕ Q (x) = ϕ(
p,q be a sufficiently big positive real number. For arbitrary function f (x), let S γ 1 ,γ 2 p,q, f be the set of polynomial functions P Q, f (x) such that ∀|α| ≤ m 0 ,
where the supremum is taken over all the cubes in R n .
Let 0 < p, q ≤ ∞ and γ 1 , γ 2 ∈ R. There exists a sufficiently big integer m and M such that
Using Daubechies wavelets, we have the following wavelet characterization ofḞ
where the supremum is taken over all the dyadic cubes Q in R n .
Proof. we prove first that f (x) ∈Ḟ
p,q implies f (x) satisfies (2.5). For any dyadic cube Q with center x Q and side length l(Q), there exists a cubeQ, parallel to the coordinate axis, centered at x Q and with side length 2 M+2 l(Q). By definition of ϕ Q (x) and (2.4), for suchQ and
Hence, for any ǫ ∈ E n and Q j,k ⊂ Q, we have
Hence (2.5) holds. Conversely, for any cube Q, there exist 2 n dyadic cubes 
Further, it is easy to check the following results about Triebel type oscillation spaces.
(i) The definition ofḞ
2.3. Calderón-Zygmund operators. Now we introduce some preliminaries about Calderón-Zygmund operators. See [18, 19] . For x y, let K(x, y) be a smooth function such that there exists a sufficiently large N 0 ≤ m 0 satisfying that
We denote by CZO(N 0 ) the set of all operators satisfying (i), (ii) and (iii).
From (2.6), we can see that the kernel K(·, ·) may have high singularity on the diagonal x = y. According to Schwartz kernel theorem,
If T ∈ CZO(N 0 ), its kernel K(·, ·) and {a ǫ,ǫ ′ j,k, j ′ ,k ′ } satisfy the following relations. We refer the reader to Meyer [18] , Meyer-Yang [19] and Yang [33] for the proofs.
Lemma 2.7. (i) If T ∈ CZO(N
in the sense of distributions and for any small positive real number δ, T ∈ CZO(N 0 − δ).
For A > 0 and a sequence f =:
Yang [33] obtained the following result.
Lemma 2.8. ([33], Chapter 5, Lemma 3.2) For any
Following the idea of [19, 33, 34] , we can prove that the Calderón-Zygmund operators are bounded onḞ
p,q . For completeness, we give the proof. In fact, for all (ǫ, j, k) ∈ Λ n , denotẽ
By Lemma 2.7, the boundedness of Calderón-Zygmund operators onḞ
is equivalent to the following theorem. Theorem 2.9. Given 0 < p, q ≤ ∞ and γ 1 , γ 2 ∈ R. There exists sufficiently big N 0 such that {a
Consequently, Calderón-Zygmund operators are bounded onḞ
Proof. Let Q be any dyadic cube with |Q| = 2 −n j 0 . For τ ≥ 1, denote by Q τ the dyadic cube satisfying Q ⊂ Q τ and
We will prove
By Hölder's inequality, for δ small enough, we have
(1) For τ = 0,
If |l| < 8 n , by the boundedness of Calderón-Zygmund operator onḞ
On the other hand,
We can get
. Let x 0 be the center of Q.
Hence we get
For i = 1, 2 and two regular orthogonal wavelets basis {Φ
∈Λ n satisfies the condition (2.7). According to Theorem 2.9, Lemma 2.3 is also true for Meyer wavelets. The reader can also find a proof of the following result in [34] .
Lemma 2.10. The wavelet characterization in Lemma 2.3 is also true for Meyer wavelets.

Triebel type tent spaces
For the rest of this paper, we only use classical tensorial Meyer wavelets. In this section, we introduce two classes of Triebel type tent spaces which will be used in the well-posedness of Navier-Stokes equations. We would like to remind the readers that, for wavelets {Φ
j represents the range of frequency ξ and 2 − j k represents the range of position x in some sense.
3.1. Preliminaries relative to semigroup. Throughout this section, we denote N > 0 a fixed sufficient big real number. For fixed β > 0, we may choose a radial φ ∈ S (R n ) such that there exists C β > 0 satisfying
(ii) 
We first express a ǫ j,k (t) by using a
Applying integration by parts, we could control a 
Furthermore, if f is obtained by (3.1), then we could express a ǫ j,k by {a
Similarly, we apply integration by party to obtain the following estimation.
Lemma 3.2. 
Tent spaces F
Given γ 1 , γ 2 ∈ R, 1 < p < ∞, m ∈ R and m ′ > 0. t-Triebel-Lizorkin-Morrey spaces are defined as follows:
where the spaces of L ∞ type norm on t are defined as follows:
the spaces of integration type norm on t are defined as follows:
Then, we define t-Bloch spaces and t-L ∞ spaces which can be applied to the proof of boundedness of the bilinear operators. For γ 1 ∈ R and τ > 0, we say that a(t, ·) belongs to t-Bloch space F
We say that a(t, ·) belongs to t-L
The following lemma can be obtained immediately,
We divide the proof into two cases.
Case 1:
Fix j, k. We have
, we can obtain that
This implies that for fixed ε and k,
Semigroup characterization and Riesz operators
In this section, we characterizeḞ 
The operator π φ is a bounded and surjective operator from F
Proof. (1) We divide the proof into four parts.
we can get
Notice that for fixed j, k, the number of Q j,k such that x ∈ Q j,k is 1. Then
It is easy to see that
Hence we can get I
By Hölder's inequality, we obtain
where we have used the fact that | j − j ′ | ≤ 1. By the above estimate, we get
Then let
p,q,m ′ . Similar to the proof of Part III, we can obtain that
(2) Now we prove
For the dyadic cube Q r and j ≥ − log 2 r, Hólder's inequality implies that
We estimate the term
For M 1 , we get
For M 2 , we can get
By Hölder's inequality, we can see that
Finally we obtain
. Now we deal with M 3 .
We obtain that
where
By Hölder's inequality, we get We divide the proof into four parts.
Step I: (R l g)(t, x) ∈ F γ 1 ,γ 2 ,I
p,q,m , l = 1, 2, · · · , n.
We can see that 
Then we get Step II: (R l g)(t, x) ∈ F 
